Closed-form expressions are derived for the relationship between the polarisation of the output and that of the pump for spin-polarised vertical-cavity surface-emitting lasers. These expressions are based on the spin-flip model (SFM) combined with the condition that the carrier recombination time is much greater than both the spin relaxation time and the photon lifetime. Allowance is also included for misalignment between the principal axes of birefringence and dichroism. These expressions yield results that are in excellent agreement both with previously published numerical calculations and with further tests for a wide range of parameters. Trends with key parameters of the SFM are easily deduced from these expressions.
Introduction
Research on spin-polarised vertical-cavity surface-emitting lasers (spin-VCSELs) is a relatively new direction within optoelectronics. The manipulation of the unique quantum mechanical property of spin has been treated traditionally as a fundamental challenge of physics. Topics such as magnetoresistance, spin-dependent transport, spin coherence length, synthesis of spintronic materials and quantum computation are receiving significant attention [1] . Demonstrations of spinpolarised LEDs and lasers [2] , although less well-known, represent the first ground-breaking steps in spin optoelectronics. These spin-controlled light sources have important potential applications in optical information processing and data storage, optical communication, quantum computing and bio-chemical sensing.
Spin-VCSELs can offer threshold reduction [3] [4] [5] [6] , polarisation control [7] [8] [9] [10] [11] and high-speed dynamics [11] [12] [13] [14] [15] [16] [17] . Experimental work on these topics has been supported by theoretical analyses using various models. Since the operation principle of spin-VCSELs depends upon injection of spinpolarised electrons which then recombine preferentially with emission of polarised light, the simplest model uses rate equations for the spin-up and spin-down carrier concentrations (n + and n − , respectively) and right-and left-circularly polarised (RCP, LCP) photon densities [18] [19] [20] [21] . In addition to the usual terms for carrier recombination rate γ and photon field decay rate κ, interaction of the spin-polarised electrons is accounted for by a spin relaxation rate γ j . For quantum well (QW) active regions, rate equations can be included for carriers in the wells and in the barriers [3, 4, 22] with a carrier capture rate used to couple the two sets of populations. For quantum dot (QD) active regions the equations for the barriers are replaced by corresponding ones for the wetting layers [23, 24] . Other refinements, such as including the effects of gain saturation, spin-polarised hole concentrations, spontaneous emission into the mode, etc, have also been implemented in the rate equation model.
The spin-flip model (SFM) [25] [26] [27] offers a more detailed description of polarisation dynamics in spin lasers by including RCP and LCP field amplitudes and phases, nonlinear dispersion via the linewidth enhancement factor α, and field interactions arising from nonlinear anisotropies, i.e. birefringence, γ p , and dichroism, γ a . These interactions provided the basis for explanations of polarisation switching (PS) between orthogonal linearly polarised (LP) modes in conventional VCSELs [26, 28] . In spin-VCSELs the SFM rate equations include the polarisation of the optical pump [27] so that it can be used to describe PS for circularly-polarised pumping [29] and, more generally, the response of the output polarisation to variation of the pump polarisation from RCP through LP to LCP [10, 11, 30, 31] . In addition the SFM has been used [11-14, 16, 17] to explain experimental results on high-speed polarisation oscillations. These are the result of competition between the spin-flip processes that tend to equalise the gain for the RCP and LCP fields, the dichroism which tries to equalise the field amplitudes and the birefringence which couples power between the polarised fields [27] .
An 'extended SFM' includes a realistic spectral dependence of the gain and the index of refraction of QWs [32] ; in this model γ a is a pure loss anisotropy whilst the differences in material gain due to the frequency splitting between the modes are included in the gain model. Further developments of the SFM take account of misalignment between the principal axes of the birefringence and dichroism [33] , descriptions of the spatial variation of the electromagnetic modes and the carrier densities [34] , inclusion of thermal effects [35] , and extension to QD active regions in spin-VCSELs [36, 37] . This increasing sophistication of treatment comes at a price: the numerical computation required to solve the equations for wide ranges of, frequently unknown, parameter values means that it is often difficult to see trends and thus obtain guidance to support further experimental studies. Even the basic SFM rate equations in steady-state have to be solved numerically as there is no algebraic solution to the best of our knowledge. Hence the present contribution addresses the problem of finding accessible algebraic expressions for the polarisation response (output ellipticity versus pump ellipticity) and hence to determine trends with parameters. No attempt will be made here to model frequency dependence of the refractive index and gain, spatial variation of the electromagnetic modes and the carrier densities, thermal effects or any other details. Attention is restricted to the basic SFM equations.
For conventional VCSELs, Erneux et al [38] have developed a two-variable reduction of the SFM equations that leads to algebraic relations for the linearly-polarised and elliptically-polarised steady-state solutions. In order to do this, they considered the commonly-encountered situation that the carrier recombination time was much greater than both the spin relaxation time and the photon lifetime, i.e. in terms of the SFM rates, γ=γ s and γ=κ. Here it should be noted that the 'effective' spin relaxation rate γ s in the SFM is related to the spin relaxation rate γ j measured experimentally by the equation γ s =2γ j + γ [25] . The objective here is to extend the treatment of [38] to include polarised pumping, as in spin-VCSELs. In addition, in the interest of generality, allowance for misalignment of the birefringence and dichroism will be made, since this has been shown to be important for interpreting chaotic and bistable polarisation dynamics in VCSELs [39, 40] .
Theory
The SFM equations can be expressed in terms of the RCP and LCP field amplitudes, R + , R − , and phase difference f by using the amplitude/phase decomposition of the fields E ± =R ± exp(iψ ± ) and defining f=ψ + −ψ − . Allowing for polarised pumping with ellipticity P, the equations become
where
with θ defined as the angle between the axis of maximum frequency and the axis of maximum losses [33] . The normalised carrier variables N and m here are proportional to the sum (n + +n − ) and difference (n + −n − ), respectively, of the spin-up/down carrier concentrations. The normalised pumping rate, denoted by η, is the sum of the RCP and LCP normalised pumping rates, and the other parameters appearing in (1)-(5) have already been defined above.
Following the approach in [38] but allowing for non-zero P, the approximate steady-state versions of equations (4) and (5), respectively, yield
where the ellipticity ε of the VCSEL output is defined [27] as
2 2 Equation (6) is an energy conservation relation, whilst equation (7) allows the variable m to be eliminated from the remaining equations.
From (6) and (8) it follows that
Multiplying the steady-state versions of equations (1) and (2) by R + and R − , respectively, and subtracting yields
Substituting the results of (7) and (9) in (10) then gives an expression for (N−1):
Hence, using (7), (9) and (11) Figure 1 . VCSEL ellipticity versus pump ellipticity for parameter values γ s =100 ns Equations (13) and (14) are implicit relations for the phase difference f in terms of the normalised pumping rate η, the ellipticity of the pump P and the ellipticity of the output ε. These equations can be rewritten to give the following expressions for sin f and cos f:
k aeg e g e g eg e g e g Eliminating f from (15) and (16) gives Equation (17) is an implicit relation between the normalised pumping rate η, the ellipticity of the pump P and the ellipticity of the output ε. The sign of the square root term leads to the selection of in-phase or out-of-phase solutions; these correspond, respectively, to cases where the phase difference f is the 'continuation' of 0 or π, for the LP solutions. The stability of the general elliptically-polarised solutions has been studied recently by a combination of numerical, asymptotic and bifurcation analyses of the SFM rate equations (for the case where there is no misalignment of birefringence and dichroism) [41, 42] . For the case of P=0 equation (18) reduces to equation (59) of [38] where it describes elliptically-polarised solutions of the SFM for unpolarised pumping. In the general case, it can be used to generate plots of ε versus P for given values of η and various combinations of parameters provided that γ=γ s , γ=κ.
For small values of ε, equation (18) can be simplified to the form:
This approximate result can be used to easily estimate the effect of the SFM parameters on the rate of change of output ellipticity with pump ellipticity for relatively weak ellipticity.
Numerical examples
Equations (17)- (19) are the main results of this contribution. We have verified that the approximation of equation (18) gives excellent agreement with plots of P versus ε that were calculated numerically in previous publications from our group [10, 11, 17, 31, 41] . In particular the trends with γ s /γ, γ p /κ, α and η that were revealed in [31] for the case of γ a =0 are maintained in the present approximation also for non-zero dichroism. Further tests of the algebraic expressions against numerical solutions of the steady-state SFM equations will now be presented. for the numerical results. Clearly there is excellent agreement between the numerical and analytical results. It is also worth noting that the restriction that γ p be of the same order as γ that was required for accuracy of the approximation in [38] is not needed here. The strong effect of birefringence rate γ p on the polarisation response is well illustrated in figure 1 (note the different scales on the vertical axes of (a)-(c)).
The in-phase solution in figure 1(c) shows a 'Z'-shaped response which is different from those in figures 1(a) and (b) . The relationship between SFM parameters that gives this behaviour can be found by requiring that the RHS of equation (18) is zero at ε=0 for the in-phase solution. The result is
where η b is the minimum normalised pump rate that allows the polarisation response to change from positive to negative slope for the values of parameters appearing on the RHS of (20) . For the parameter values used in figure 1(c) equation (20) gives η b =1.26. Figure 2(a) shows results for the same parameter values as in figure 1(c) but here the normalised pump rate is 1.2, and hence there is no change in the sign of the slope of the calculated response for the in-phase solution. Figure 2(b) shows results for misalignment of birefringence and dichroism by an angle of 30°. Again there is excellent agreement between numerical and analytical results from equation (17) in figure 2 . It is observed that for the misaligned case the in-phase and out-of-phase solutions cross at non-zero values of P and ε. The co-ordinates (ε cp , P cp ) of the crossing point can be calculated from the condition that the last term on the RHS of equation (17) is zero. This condition yields 
Equations (21) and (22) are found to give excellent agreement with the calculated crossing point of the solutions in figure 2(b) at (−0.0286, −0.1714), and it is worth noting that they are independent of the parameters γ s , γ, κ and α. Figure 3 shows another comparison of aligned and misaligned axes of birefringence and dichroism. In this case the parameter values are γ s =100 ns −1 , γ=1 ns −1 , κ=125 ns −1 , α=3, η=1.2, γ a =0.1 ns −1 , γ p =0.1 ns −1 , with (a) θ=0°(b) θ=20°. Once again the results of equation (17) pass this test with flying colours. Again the crossing point coordinates (−0.0607, −0.364) from equations (21) and (22) are in agreement with those found in figure 3(b) .
It should be noted that, although numerical results have been presented for both in-phase and out-of-phase solutions, no attempt has been made here at a stability analysis of these solutions. In many cases only one solution will be stable so that the laser will exhibit single-polarisation output. When one solution becomes unstable and the other is stable, PS will occur [41] . In regions where both solutions are unstable, oscillatory behaviour is found [17] . More complicated dynamics, including hysteresis behaviour and period-doubling or quasiperiodic routes to chaos, are also predicted for specific pumping conditions [42] .
Finally, the result of equation (19) has been used to estimate the dependence of the maximum 'spin amplification' (rate of change of output ellipticity with pump ellipticity) on the SFM parameters in a companion paper [43] .
Discussion
A common problem in modelling spin-VCSEL behaviour is the difficulty of determining numerical values for the parameters used in the SFM equations. Whilst values of parameters such as the carrier recombination rate γ, photon field decay rate κ and linewidth enhancement factor α are likely to be similar to those in conventional VCSELs, the values of the SFM-specific parameters of birefringence rate γ p , dichroism rate γ a and spin relaxation rate γ s are much less well-known. These latter parameters are difficult to calculate theoretically with any degree of confidence although recent progress in the understanding of strain-induced birefringence [15, 16] and spin dynamics [44, 45] is relevant here. Also, whilst experimental techniques for the measurement of these parameters in conventional VCSELs have been demonstrated [46] [47] [48] [49] [50] , these have not yet been applied to spin-VCSELs. Hence it is frequently necessary to estimate parameter values by fitting to measured data on device characteristics such as light-pumping curves, polarisation responses and transient behaviour. In this respect it is anticipated that the expressions derived here will be of assistance in determining parameter values from measured polarisation responses of spin-VCSELs. The advantage of algebraic expressions over numerical simulation here is that trends with parameters can be identified much more rapidly.
Conclusion
It has been demonstrated that by assuming that the carrier recombination time is much greater than both the spin relaxation time and the photon lifetime, the steady-state SFM equations for a spin-VCSEL can be solved to yield a closedform expression between the normalised pumping rate η, the ellipticity of the pump P and the ellipticity of the VCSEL output ε. In-phase and out-of-phase solutions are determined by choice of the sign before a square root. The effect of misalignment between the principal axes of birefringence and dichroism is included; when the misalignment is zero, a rather simpler algebraic expression is found. For small values of VCSEL output ellipticity this expression simplifies still further to give the rate of change of output ellipticity with pump ellipticity which is a measure of the amplification of spin information [8, 43] .
Tests of the derived algebraic expressions against numerical solutions of the steady-state SFM equations show that a high degree of accuracy is achieved by this approximation; plotted results are indistinguishable by eye. A 'Z'-shaped response can occur for the in-phase solutions and the conditions for this to occur are accurately predicted by the approximation in terms of a critical pump rate for given combinations of SFM parameters. Crossing points of the inphase and out-of-phase solutions is another test where analytic expressions for the co-ordinates are in excellent agreement with numerical simulations.
